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The final-state interaction between an optically excited LO phonon and an exciton is studied within
the framework of a simple two-state model of the exciton. Criteria for the existence of a bound state (EPBS)
of the exciton-phonon system are derived, and binding energies and oscillator strengths are computed
for various values of the parameters which characterize the model. Our results are consistent with the
optical data reported recently for a wide class of jonic crystals with shallow excitons.

I. INTRODUCTION

Vibronic spectra have recently been resolved in a
large class of ionic insulators with shallow excitons.!
Surprisingly, the first phonon sideband (SB) corre-
sponding to simultaneous creation of an exciton and an
LO phonon has a peak at or below the expected threshold
Ei+wo, where E; is the exciton energy at K=0 and
wo the LO-phonon energy. According to second-order
perturbation theory the peak should occur somewhat
above threshold, while absorption very near threshold
rises as the three-halves power of the energy difference.
Thus, if the observed peak occurs on energy dwy below
E;+wo, the real discrepancy with perturbation theory is
(84») wo, where » depends on the ratio of electron and
hole masses and the effective Bohr radius of the exciton,
and v<1. The absence of this discrepancy for low-
temperature emission in AgBr: I though 0.3 in
absorption led us to study the final-state interaction of
the exciton-phonon pair produced by the optical
transition.2 While this interaction may produce a bound
SB in absorption, the SB in emission, corresponding to
a final state in which only a phonon and a photon are
present, should be describable by perturbation theory.
Simple model calculations demonstrated the possibility
of a bound-state split off from the one-phonon con-
tinuum, or exciton-phonon bound state (EPBS).

Shallow excitons, with Coulomb energy ep near the
LO-phonon energy wp at k=0, have internal excited
states that are degenerate, or nearly degenerate, with
one-phonon states associated with the exciton ground
state (1s). The exciton-phonon interaction derived
from Frohlich’s Hamiltonian creates and destroys
phonons, causing excitation energy to resonate between
the overlapping manifolds. In certain cases a wave
packet of states representing a mixed mode of lattice
and electronic excitations can be constructed for which
the electrostatic interaction energy overcomes the
kinetic energy; such a wave packet corresponds to a
bound state of an exciton and an LO phonon, or EPBS.
The optical transition-matrix element has two com-
ponents associated with the zero- and one-phonon
amplitudes of the EPBS. Thus the oscillator strength
contains an interference term, and the intensity ratio f
with the zero-phonon line is bounded by the SB
strength g in perturbation theory. The latter is of order
unity in the systems studied, and the EPBS width due
to acoustic-phonon scattering is an order of magnitude
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smaller than wo; thus the EPBS, when it exists, can be
observed at low temperature as a distinct peak in the
absorption spectrum.

Another solution of the final-state problem has been
studied by Toyozawa.® In this case a quasibound state
(EPQBS) is formed below the one-phonon emission
threshold but decays into the electron-hole continuum,
or quasicontinuum of Rydberg states, with which it is
degenerate. The Auger width must be added to the
acoustic-phonon width (and inhomogeneous broaden-
ing) to determine the spectral line shape of the EPQBS.
It was suggested that this model may be useful for the
interpretation of the spectra of TICl, TIBr, ZnO, and
the Cd chalcogenides, where the exciton state ez Zw.
The EPBS solution may be useful when the Rydberg-
state energy is larger, but not too much larger, than
wo; €.8., BeO, MgO, and the bound exciton in AgBr:1.
For completeness we mention the reflection experiments
of several authors,* where the SB spectra of several
alkali halides have been resolved for the first time. Here
the Coulomb energy is an order of magnitude larger
than the LO energy, and the SB peaks occur above
Ey+w, as expected in lowest-order perturbation theory.
Thus it appears that final-state interaction is important
only near resonance eg~wp, between electronic and
lattice excitation.

In the present paper we describe more fully the
physical and mathematical content of the theory and
present new results based on more accurate treatment
of the exciton-phonon interaction. We begin in Sec. IT
with the definition of the model Hamiltonian underlying
our work, and the spectral shape of the first SB is cal-
culated within the second-order Born approximation in
Sec. III. Final-state interaction is taken up in Sec. IV;
EPBS binding energies are presented for two models of
the exciton internal structure. In Sec. V the optical
transition rate to the EPBS is derived, and a summary
of our conclusions and comments pertaining to the
optical data are included in Sec. VI.

II. HAMILTONIAN

In this section we derive an effective exciton-phonon
interaction for the case ep~uwy. Consider the Frohlich
interaction® for electron-phonon scattering,

Fr(re)= 221V 4{b, exp(iq-1.)—b," exp(—iq- )}, (2.1)

where the b,"(b,) are creation (destruction) operators
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for LO phonons of wave vector q, and r, is the position
vector of the electron; transverse lattice modes do not
give rise to a potential field. The electron-phonon vertex
is
Va=[2mo(& =) 1 [ q [ (22)
where k,(x;) is the optical (static) dielectric constant;
the quantity in parentheses, 1/&, is the inverse ionic
susceptibility. Shallow excitons eg~wy are coupled to
long-wavelength phonons | q|d<1 where d is the
lattice parameter; thus the phonon dispersion relation
w(q) may be replaced by wy, as assumed in the Frohlich
model. On the other hand, exciton kinetic energy
q%/2M is not omitted in our analysis. The hole-phonon
interaction differs from (2.1) only by a change of sign
corresponding to the positive charge of the hole.
Transforming to center-of-mass coordinates of the
exciton the electron and hole position vectors are given
by
=R+s.1, (2.3)

in terms of the center-of-mass vector R and electron-
hole relative coordinate r; the kinematic parameters

I,= R——shr

Se,hzmh,e/(me+mh)
=3{1£[1— (4/M) ]}, (2.4)
where m,(my) is the electron (hole) band mass and
w(M) is the reduced (total) effective mass of the
exciton. Typically mu~10m, for ionic insulators, and
se~10s; (note that s,+s,=1). With these definitions

the total Hamiltonian for the exciton-phonon system
may be written®

[}C:{}Cex—}—ﬂcph-l—%[,
Hox=Eg+ (P2/2M) + (p*/2u) — (ko?) 7,
ICpn=wo Z bqlrbq’
q

= E iVq exp(iq-R) {pq (1) bg—p* (1) b4'},

a

(2.5)

where JCox and JC,n are the exciton and phonon kinetic
energies and the interaction term JC; contains the
exciton charge density operator

pa(T) = exp(iseq-1) — exp(—isg-1). (2.6)

In 3Cex we have used the notation p(P) for the internal
(total) momentum of the electron-hole pair and Eg is
the energy gap. We note that charge neutrality of the
exciton implies pq(1r)—0 as q—0, so that the long-range
character of the Frohlich interaction is removed.
Finally ko appears in JCex since the valence charge
polarization field has characteristic energy E¢>>ep. As
noted in a previous publication,® the total momentum
K of the system (exciton plus phonon field) is a con-
stant of the motion, and the canonical transformation’

S= eXp[i(K“ Z qbq'0q) ‘R] (2.7)
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leads to the effective Hamiltonian for momentum K,

S-150S=(K— ¥ qby™ba)%/2M +an 3 b1,
q q
+E¢+p/ 2u—1/kr+ 2 iVa{pa®bq—pg* 041},
q

(2.8)

where the first term is the exciton kinetic energy (not a
constant of the motion) and the center-of-mass co-
ordinate R has been eliminated from the problem.

To treat the SB spectra we are concerned with the
ground state of (2.8) and the first excitations lying on
energy wo above the ground state (we take K=0 since
the photon wavelength is long compared with a lattice
constant). The ground-state wave function is approxi-
mated by the Hartree form

@, (br) =‘I’1S(r) U(b)l 0), U= eXPEZ dq(bqt*‘bq) ];

(2.9

where d, is the variational displacement of the phonon
mode q due to the exciton form factor

= [Y1,*(1) pg (1) s (1) dPr (2.10)

and | 0) is the phonon vacuum at T'=0. The self-
consistent equations for ¥, and d, are

Pqls,1s=

5@14/13 = EO‘l/ls; JCZU= €U,
3= E9+p2/2;l.—- l/Kof
+ 20 iVa{dapa (1) —do*p*(1) }, (2.11)
q

o= (I/ZM) (Z qqubq) 2+ E qubq
q q
+ Z di{qusylsbq”“l’qlsvls*bqf} .
q
We first solve for U(d,) in the presence of pq1s 15 from
the variational theorem we obtain
- diqus.ls
wo+ q2/ 2M ’

Thus we have the self-consistent Hamiltonian for the
exciton problem

(2.12)

q qus 1s

_ »_ "
3¢ (Y1) = Ee+ 2 (kor)™ /oM

22 Pq(r)-

(2.13)

Excited states of the form (2.9) are eigenstates of a
Hamiltonian like (2.13) with pq,,1, replaced by the
diagonal element pg» of the density matrix:

J¥ (1) pa (1) (1) dPr. (2.14)

In the work reported here we make the assumption that
Y1, has been determined from the above equations with
eigenvalue E;, and higher excited states ¥ with- eigen-
values E, are obtained by replacing the last two terms
in (2.13) by a screened Coulomb potential 6Eg—1/x7/,

Par N =
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where «’ must lie between «, and «, and 6 E¢ is the sum of
electron and hole self-energies at k=0. For shallow
excitons the Bohr radius is comparable with the polaron
radius of the electron, and &’ approaches «,.® To simplify
further we assume that the self-consistent displace-
ments d, do not depend on A and are the result (2.12);
this assumption does not affect EPBS binding energies.

Finally, the effective Hamiltonian used in this work
is derived by displacing all phonon modes according to
Egs. (2.9) and (2.12):

FCott= U1S13eSU= Lice):""jcp h+ S_CI;
Hex= > Erxarlar,

A
jcphz Z [‘*’O+q2/2M]qubq;

a

Fer= 3 {iVq(paw—wpate 1) iTanbeth.c.},
Mq

(2.15)

where the exciton recoil energy appears in the phonon
term and nondiagonal phonon terms not retained in
intermediate coupling theory are deleted; a\'(a\) is
the exciton creation (destruction) operator for the
state \. Within the Tamm-Dancoff one-phonon ap-
proximation introduced below the omitted phonon
terms make no contribution_to EPBS energies. Note
that diagonal terms A=)’ in 3¢; may be eliminated by a
canonical transformation® which displaces the lattice
field to a new configuration d;* for each state A (the
term A\=1=) was eliminated above); since we are
approximating do* by the function obtained for the
exciton ground state, we neglect these intraband terms
below. Our new problem is the consideration of interband
scattering only. This is equivalent to the omission of
nonresonant energy denominators; the resonant inter-
band processes give rise to EPBS solutions for eg~uwy.
We emphasize that the (nominal) zero-phonon states
¥SU | 0) now contain virtual phonons due to the lattice
displacement field d, around the exciton.

III. VIBRONIC SPECTRA: ONE-BAND THEORY

In this section we compute optical transition rates of
the exciton-phonon system described above, omitting
off-diagonal terms As)'. Thus we consider final states
in which the exciton internal motion is frozen in the
state A; the kinetic energy of the exciton is q2/2M. For
allowed optical processes the (emitted) phonon wave
vectors must sum to —q to balance the exciton momen-
tum q. We restrict ourselves to the lowest excition band
A=1 (1s transverse exciton in a singlet spin state) and
calculate the one-phonon transition rate according to
the electric dipole operator

P={(c|ep|oW(0) (a"+a), (3.1)

where ¢ and v label the conduction- and valence-band
states at k=0; we assume that the interband matrix
element of the momentum is allowed, and y,,(0) is the
probability amplitude for finding the electron and hole
on the same lattice site.!® Neglecting interband scatter-
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ing A#N in Eq. (2.15), the one-phonon final state is
simply
[ ¥q)=SUa’8," | 0) (3.2)
for phonon wave vector q. The energy of this state is
Eo=Ertwctq/2M, (3.3)

where the last term represents the exciton recoil energy.
We obtain the optical transition rate from (3.1) and
3.2):

O] P|a) = 191,(0) | {c|e-p]|ov) 2| dy Pe,
8= Z i dq l2-

Summing over all states q the one-phonon contribution
to the absorption coefficient is proportional to

(3.4)

Fi(w)=Fo 3 | dq [?5(w0—Ey), (3.5)
q
where the zero-phonon oscillator strength
Fo=A|{c|ep|v)]]¥1(0) [P0 (3.6)

contains the Debye-Waller factor ¢~¢ expressing the
probability that all lattice modes q will “tunnel” to the
final state (specified by dy) during the optical transi-
tion. From Eq. (3.5) it is easy to see that the integrated
absorption strength of the first sideband is g times the
zero-phonon line strength. In general the intensity ratio
of the #-phonon transition and the zero-phonon line is
given by the Poisson distribution

fa=g"/n), (3.7)

which satisfies the sum rule on oscillator strength,
Fo2 fa=A|{clep|o) | ¢n(0) 2. (3.8)

Thus the infegrated absorption intensity is unchanged
by the electron-phonon interaction.

Our main result, Eq. (3.5), is similar to that obtained
by Dillinger et al.! in Born approximation except that
we have allowed for self-consistent (Hartree) re-
normalization of the exciton ground state. The presence
of virtual phonons surrounding the exciton (in addition
to the real phonons emitted in the optical transition) is
essential, since it gives rise to the Debye-Waller factor
and, hence, satisfies the sum rule (3.8).

We now introduce the dimensionless parameters
specifying the exciton-phonon system:

n=4u/M. (3.9)

The coupling constant v is a ratio of dielectric con-
stants, k¥'=a(u/m) where m is the free-electron mass
and a the effective Bohr radius in atomic units, and
(k))'=k""—x71; A is the Coulomb binding energy
in units of the phonon energy, and 5 is a kinematic
parameter which varies between zero (bound exciton)
and one (m,=my). In the latter case the total charge
density pq(r) of the exciton is zero everywhere, and
the coupling with the phonon system vanishes. Figure 1

vy=K'/k,  A=ep/w,
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F16. 1. One-phonon sideband F(w) according to second-order
perturbation theory. The peak position corresponds to the most
probable exciton recoil energy vwo. The parameters are defined
in the text.

shows calculated one-phonon spectra Fi(w) associated
with the exciton ground state. The important features
are (a) Fi(w) is proportional to v; (b) the threshold
behavior is characterized by a three-halves power law
arising from the charge neutrality and definite parity of
the 1s exciton

(| dq [Pt | ¢"pqts 15 |*g® near threshold ¢—0);

(c) the peak occurs on energy »w, above threshold
Eyn=F;~+wo, where v scales roughly with An; vw, is the
most probable recoil energy of the exciton (it vanishes
for bound excitons); and (d) absorption drops off at
high energy owing to exciton recoil and the finite size of
the hole. At still higher energy the absorption is cut off
by the boundaries of the Brillouin zone.

IV. EXCITON-PHONON BOUND STATE (EPBS)

The real discrepancy between the SB picture pre-
sented in Sec. ITT and recent observation presented in
the Introduction is not dwy but rather (6+»)w,, where
»< 1. In a recent paper? Toyozawa and the present
author considered the final-state interaction between
an exciton and an LO phonon created by photon
absorption, for AS 1. We demonstrated the possibility
of bound states with appreciable oscillator strength
occurring below Eyp. These mixed modes of the exciton-
lattice system were computed using an approximate
charge density

pa’(r) = exp(iq-1)—1, (4.1)

which is strictly valid only for =0. In this approxima-
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tion the hole density is replaced by a point charge at
the origin; in reality the hole describes an s-state
“orbit” around the exciton center of mass (only
spherically symmetric envelope functions 4y, are
optically allowed), with effective radius ssa. The
positive charge density overlaps the electronic density,
with effective radius s.a(s,+s,=1), and charge can-
cellation for n>0 reduces the effective strength of the
exciton-phonon interaction. Here we present improved
model calculations in which the exact density (2.6) was
used. In addition we have completed the calculation of
EPBS oscillator strength f(EPBS) for >0 (mobile
excitons) as well as =0 (bound excitons). Finally,
integrated sideband intensities g have been computed;
according to the sum rule, f(EPBS) <gF,.

Two models of the internal structure of the exciton
were used to study the resonant exciton-phonon system
A~1: (I) a two-level model in which only hydrogenic
1s and 2s states are included; this is the simplest possible
treatment of a polarizable exciton (2p states are
electric-dipole forbidden); (II) a variational extension
of I, with as=c(3— (1+R8)(r/a)) exp(—pr/a), per-
mitting substantially increased polarizability of the
exciton and hence stronger exciton-phonon interaction.
For all values of 8, ¥y, is orthogonal to yy,. In the
Coulomb field —1/«7, s, has the energy

Eyy= Ex+ep[ 1+38(76°—108*+78—3) / (6*—B+1) 1.
(4.2)

Model I is obtained by putting =% in ¥s,; then Ep,=
E;+3eg. More localized excited states 8>% enhance
the (negative) potential energy due to exciton-phonon
scattering, but Ey,> E,,, and minimization of the sum
of kinetic and potential energies determines the value
of 8. A third exciton model discussed in Ref. 2 was used
to check the results obtained from models I and II, but
is less useful for estimating oscillator strengths. In this
model, energy denominators (E—Ey) are replaced by
their smallest value (E— E;;) and the closure relation is
used to evaluate exciton-phonon matrix elements; since
this necessarily overestimates the exciton polarizability
it generates upper bounds for EPBS binding energies.
A lower bound is obtained from model I; we assert that
the real situation is well represented by model IT unless
A<1. The latter case has been investigated by Toyoz-
awa,® who demonstrated the possibility of exciton-
phonon quasibound states (EPQBS) which decay into
the electron-hole continuum.

Only one-phonon states associated with the 1s
exciton (ground state) were considered; nonresonant
states in which both the exciton and the lattice are
excited will not appreciably modify our results, for
A~1. Thus we look for an EPBS solution [ground
state of Eq. (2.15)] by applying the variational
theorem within the subspace spanned by ¥, | 0) and
Y1 | 1), where the latter form a continuum above Ein,
and the former has the discrete energy Es,. Denoting
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the zero-phonon probability amplitude by ¢, and the
one-phonon amplitude by sq, we make the ansatz?

x= 2 Squ' I 1)+ta" | 0), (4.3)
q

where @' creates the variational state ¥s,. The ‘“‘real”’

wave function appropriate to Eq. (2.5) is then

¥=SUx. (4.4)

‘To illustrate the mixed-mode problem we have sketched
in Fig. 2 the zero-order excitation energy ey,= Eg,— F;
belonging to ¥, (model I) as a function of A. The inter-
action of this discrete-level and the one-phonon SB
produces two branches, 1 and 2. The lower branch is the
bound state for A<A,; for deeper excitons it passes into
the continuum and acquires a width due to decay.
Strictly speaking, branch 2 is always quasibound since
it is degenerate with the background of one-phonon
states; however, the matrix element for decay decreases
monotonically above (14»)w, due to the finite size of
the exciton. For large A, the second branch may be
viewed as a renormalized 2s exciton state. Similarly, for
A<1, branch 1 is a renormalized 2s state. We note that
oscillator strength sufficient to satisfy the sum rule is
withdrawn from the one-phonon background. Finally,
higher-order resonant behavior occurs near A,=+##n,
where 7 is an integer greater than 1, corresponding to
multiphonon processes. Since the exciton-phonon inter-
action is linear in phonon operators these processes are
not expected to yield observable effects.

Minimizing the energy E= (x | 3Cett | x) we find the
simultaneous equations for s and ¢

(ErtwotQ2/2M — E) sq— iV gpats a5t =0,

(Eg—E) 141 3 Vapqra 2:54=0, (4.5)
q
subject to the normalization condition
2| sa | t[r=1. (4.6)
q

Eliminating s, from (4.5) we obtain the secular equa-

lonization :nﬁnuu
NSO

1 phonvnn :o‘

@ EPBS
@ Resonance
| I Il Il
0 1 A 2 3

F16. 2. Zero-order energies corresponding to basis states mixed
by the exciton-phonon interaction. e, is the first excitation energy
of the exciton internal motion and the band of states between
wo and (14av)wo (a~3) represents the one-phonon states
described in the text. The electron-hole binding energy ez in
units of the LO-phonon energy is represented by A. The mixed-
mode problem gives rise to two branches, 1 and 2, as a function

of % All energies are measured relative to the zero-phonon line
at 1.
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I't6. 3. EPBS energies in units of wy, measured from the zero-
phonon line. Results are presented for =0 (bound exciton or
impurity state) and several values of v; the theory is useful for
A>1.

tion for the energy

Es+ Re Y1, (E)=E, (4.7)

where

I Vapqis, 2
$,28 E)= : y
L () ‘? E+— Ey—w—q?/2M
is the exciton-phonon self-energy for zero total momen-
tum, 6+ is a positive infinitesimal needed to satisfy
causality (Im Y, =0 for E<E;,), and

Pqls,25 = <‘l/1s l Pq ' \Z23>
= 32}85/2[31/2(1+ﬂ) 3(52__5_!_ 1) 1/2]—1
XLpdg (p+¢%) =~ patg* (o) ],
penr=sen(1+8)/a. (4.8)

EPBS energies are determined for model IT by solving
(4.7) graphically for different values of 8 and drawing a
smooth curve through the points E versus 8. The mini-
mum energy E(Buin) is the variational solution; typically
Bmin=0.6 or 0.7. In model I the restriction 8=2% dimi-
nishes the exciton polarizability and E(8=1%) > E(Buin).
Figure 3 shows EPBS energies w= E— E, relative to the
zero-phonon line, for bound excitons n=0. The relation-
ship of the solutions of the mixed-mode problem and the
unperturbed energies w=e,=3%ep=23Aw, and w=uw, is
seen from the figure. Perfect resonance (degeneracy) of
the electronic and lattice excitations occurs at A=4.
Results for mobile excitons y=% are shown in Fig. 4.
Comparison of our results and those of Ref. 2 shows
that the screening effect due to the finite size of the hole
[included in pq(r) but not in p(r)] weakens the
EPBS binding energy. Important trends manifest in
Figs. 3 and 4 (and in other results not presented here)
are: (1) The binding energy increases with coupling
strength v; (2) recoil effects and self-screening, whose
importance increases with 5, weaken the binding;
(3) except for the special case n=0, exciton-phonon
interaction leads to bound states only in a finite interval
0<A<A,, where A, increases with v but decreases with

12

Et=E+i5*
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Fic. 4. EPBS energies for n=0.5 (mobile excitons).

7; for small A<1 the solutions may be regarded as
renormalized 2s exciton states, since |{[*>%. When
n=0 all one-phonon states | 1,) fall at the energy Ein,
and an EPBS exists for arbitrarily deep excitons A>>1,
though the binding energy approaches zero asymp-
totically (and so does the oscillator strength). We
emphasize that our results pertain to optically active
-final states, for which the total momentum is zero.
EPBS dispersion has not been considered; however it
seems likely that the kinetic energy K2%/2M* will
exceed the binding energy dwy for rather small momen-
tum K of the bound state, leading to decay into the one-
phonon continuum above Egy.

The existence criterion for the bound state w<wp
may be represented in parameter space by the relation

)2y, (4.9)

where £=3A—1 is a resonance parameter equal to zero
at A=4%. The function f is determined from the equation

Est 2155 (Een) = Een=E1+wo. (4.10)

As before, 8 is chosen to minimize the total energy
(model IT) or is set equal to 3 (model I). For small 7,
the recoil energy (¢?)/2M is small compared with w,
and p,(r) may be replaced by p(r) since the hole
orbit is much smaller than the electon orbit. Then the
existence criterion may be written

fo(n) 277, <1
=0.091/7, model I
=0.128/5,  model II. (4.11)

For 5 near unity, exciton recoil and the finite size of the
hole must be included rigorously. We obtain the result
for model I

f(n) =fo(n)[1—n*(3n+4)/7].

To derive an approximate result for model IT we inter-
polated smoothly the known behavior of f(y) in the
limits »—0 and n—1. The functions f() and fo(y) are
shown in Fig. 5. As expected, these results show EPBS
solutions are favored for strong coupling v >1, near

(4.12)
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resonance | £ | <1, and narrow exciton bands n<<1. No
bound state is possible for n=1, owing to perfect charge
cancellation py=0. Finally, model II, which contains
virtual admixtures of the #s excited states of the exciton,
leads to EPBS existence in a larger volume of parameter
space than does the more restrictive model I.

V. EPBS OSCILLATOR STRENGTH

Optical (electric dipole) transitions to the final state
W= SUx are now considered. We will show that EPBS
transitions have intensity comparable to the zero-
phonon line in favorable cases; since the same lifetime
mechanisms are present for the former and the latter,
both should be observable in certain crystals by high-
resolution spectroscopy. Electron and hole Bloch func-
tions ¢ and v at the band edge have opposite parity in
most ionic crystals, and only s states of the exciton
internal motion are optically-active. The dipole operator
is proportional to'

P={c|eplv) ;%(0) (aT+a), (5.1)
where e-p is the component of the electron momentum
operator parallel to the polarization vector of the
incident phonon and ¥ (0) is the probability amplitude,
for the internal state A, that the electron and hole
occupy the same lattice site. For K=0 the ‘“real”
EPBS state vector may be written

¥=SUx= exp[—1i Z qubqq'R] eXp[E dq(bqt*‘bq):l
q a
XX sabg'ait+1a:'} [ 0),  (5.2)
q

where | 0) is iie phonon vacuum. In the calculation of
the transition matrix element (0| P |¥) the first

0.5} \ I -

~
~~o
~~a

Fic. 5. EPBS existence regions in parameter space. For each
model bound states exist below the line /(). Calculations omitting
the finite size of the hole are indicated by the dashed lines.
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exponential operator, involving the exciton center of
mass, may be replaced by unity since the ground state
at =0 contains no phonons. The second factor in (5.2)
can be simplified using the operator identity

CXP[Z dq (b +bq) 1= eXP[Z dqbq"] exp[z dqbq]
X exp{—3% 2 d’[bq", o1},  (5.3)

The first factor in (5.3) may be replaced by unity at
T=0 since it operates (to the left) on | 0); also terms
higher than the second in a Taylor series expansion of
the second exponential make no contribution to the
transition matrix element, and the last factor is the
Debye-Waller factor ¢¢2 due to lattice distortion
around the exciton. Finally we have the result

O P[¥)=(c|ep[v){¥1(0) X sqda+7a(0)t}e".
(5.4)

We have already mentioned the selection rule on
for allowed interband transitions. The selection rule on
one-phonon amplitude sq is derived by noting that there
is no preferred direction in the final state if K=0; thus
dq is spherically symmetric, and s states s, are allowed
in the sense that the one-phonon component of (0| P|¥)
is nonzero. The maximum contribution of this term is
[ (c|ep|o)|?]| ¢, (0)|2ge if we neglect cross terms
in [ (0| P|¥) |2 For bound states the first and second
terms of Eq. (5.4) interfere destructively, and the
intensity ratio f of the EPBS and the zero-phonon line

J=f(EPBS)/f(0—ph) = | 3 sadq+5@:(0) /41(0)) |*

(5.5)

is bounded by g; the unperturbed SB intensity ratio
g=f(1—ph)/f(0—ph) was derived in Sec. III. The

HEPBS)/H(1s)

2.0

Frc. 6. EPBS transition strengths relative to the zero-phonon
intensity f(1s), calculated for bound excitons #=0. The dashed
line is the total SB intensity g in the absence of final-state inter-
actions.
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F16. 7. EPBS transition strengths for mobile excitons n=0.5.

second term in (5.4) is about one order of magnitude
smaller then the first term.

The intensity ratio f of the EPBS and zero-phonon
transitions is given in Figs. 6 and 7 for models I and IT
and for parameter values (v,7)=(1,0), (2,0),
(1,0.5), and (2, 0.5). As before, the reduced Coulomb
energy A varies from 0 to about 2. Bound excitons (Fig.
6) are associated with much stronger absorption
strength than are the mobile excitons (Fig. 7). This is
due to (a) the importance of exciton recoil when
n>0, which increases the energy denominator for
exciton-phonon scattering and (b) self-screening of the
electron-hole pair, which depresses the matrix element
Vapqs 25 As expected from trends observed in Figs. 3
and 4, EPBS intensity increases monotonically with ~.
For n=0 the zero-order SB intensity ratio is

g= (4yA/m)[Koa— (11/8) tan}(Ka)], (5.6)

where Ky is a momentum-space cutoff given by 2x/
(lattice parameter); for shallow excitons Koe>>1 and
the second term may be neglected. Since aaA™112, gary Al
where the constant of proportionality is of order 10,
and variations of lattice parameter and exciton reduced
mass have been neglected. The dotted line in Fig. 6
is probably a lower bound for Eq. (5.6). Thus mani-
festation of resonance near A=% occurs not in f but in
the fractional EPBS intensity f/g drawn from the SB
by exciton-phonon interaction. In the figure the reso-
nant effect shows up as a point of inflection in f for both
models. We comment that both f and f/g decrease
monotonically for A>2, approaching zero asymp-
totically. For deep excitons A »10 momentum-space
cutoff reduces f as well as g. Since the form factor
Paisos decays to negligible value near K, for shallow
excitons, we have extended the phase-space integrals
to infinity and evaluated them by the method of
residues.

Calculation of EPBS oscillator strength is more diffi-
cult for n#£0, and we have had to omit normalization
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corrections that are important for A <3. However, since
this region is less interesting (the EPBS solution is
simply a renormalized 2s exciton) we have determined
approximate normalization by interpolating between
the known behavior for large and small A. As in the
case =0, f<g for all values of v and A. Also, model II,
which leads to larger binding energies than does model
I, gives greater absorption strength as well. Both effects
reflect the enhanced polarizability of the variational
model. The resonance between zero- and one-phonon
states is more pronounced for n#0 because g(A) is
flat above A~0.5. As in the case n=0, EPBS intensity
approaches zero as A— . The bound state passes con-
tinuously into the SB region above E, where it is
broadened by decay. The width of this quasibound state
increases monotonically from zero at threshold to values
comparable with the SB width as the ‘“bare” energy
passes into the continuum. Since the total intensity
ratio f diminishes as the width increases, a distinct peak
is probably not observable unless it occurs very near
Eyn; this requires AZ2.

We now discuss the mechanisms which broaden the
EPBS. The matrix element coupling this state to the 1s
exciton band was eliminated above within the subspace
(2.9) ; indirect coupling via the higher excited states of
the exciton is neglected. The most important process
limiting the EPBS lifetime in a pure crystal is acoustic-
phonon scattering, which we discussed in Ref. 2. Within
second-order perturbation theory the decay width may
be written as

Wee=2r 3, | (K; —K | 3" | EPBS;0) |?
K

Xo(w— (K?/2M)—u |K[), (5.7)
where % is the velocity of (longitudinal) sound and
the matrix element of the electron-phonon interaction
is taken between the EPBS state and a final state con-
sisting of a A=1 exciton of momentum K and an
acoustic phonon of momentum —K. In analogy with
the matrix element for electron-phonon scattering! the
squared matrix element in this equation is E2K/2pu,
where E; is the exciton deformation potential® and p
is the density. For A<$—3¢, decay to higher exciton
states provides an additional mechanism to broaden the
EPBS. Converting the K-space sum in Eq. (5.7) into
an integral,

Ko K2
T~ f K36< — K) dK, (5.
i w= o Y (5.8)

where K, is a characteristic Brillouin-zone dimension.
Thus
Eg2 K3

M= —— ——.
2mpu u+ K/ M

(5.9)

Since w>>1/2Mu? the characteristic velocity Ki/M~

JOHN C. HERMANSON 2

(2w/M) 23>y and we have the final result

2T o= E2w*/ 2mpus®, (5.10)

which is smaller than wy by an order of magnitude.
This means that at low temperature the EPBS can be
observed as a distinct peak in the absorption spectrum,
provided f is sufficiently large.

VI. DISCUSSION

Our model calculations are consistent with the follow-
ing general features of the optical data! referred to in
the introduction: (a) Negative-energy shifts of observed
sidebands are larger for bound excitons n=0 than for
mobile excitons; (b) the static dielectric constant is
generally much larger than the optical dielectric con-
stant, implying large ionic susceptibility and strong
exciton-phonon coupling; (c) the crystals which appear
to contain EPBS structure satisfy the resonance
condition A~3%; (d) the intensity ratio f, like the bind-
ing energy, is larger for bound excitons; and (e) the
intensity of the observed sideband is too large to be
accounted for by pure ms-exciton transitions. The
abundance of experimental evidence supports the sug-
gestion that bound states of an exciton and an LO
phonon may be present in the spectra of many ionic
crystals with shallow excitons. A residual sideband due
to free pairs (exciton+phonon) is not detected in
these crystals for several reasons: (a) Much of the
oscillator strength is transferred to the bound state;
(b) the SB is much broader than the EPBS; (c) it may
be obscured by a stronger background absorption due to
interband transitions; and (d) when the EPBS width is
comparable to its binding energy the SB may merge
with the bound-state absorption; in this case a single
peak is observed with a threshold pelow Ei+4-w, and
maximum absorption below E;j+ (14»)wo.

Definitive statements regarding the region A<1
must await further study of the EPQBS proposed by
Toyozawa?; this state is expected to be broader than
the bound state. Fong has made the interesting con-
jecture® that the first SB in CaO (see Whited and
Walker!) is degenerate with the ionization continuum
of the exciton (A~1) and is so broadened by decay that
it merges with the zero-phonon structure at 6.79 eV.
Indeed Toyozawa® has shown that the width of the
quasibound state may be comparable with wy in the limit
7—0; both the EPQBS and the residual SB due to the
excitation of a free pair are probably too broad to detect
in this case.
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A formal theory of polariton Raman scattering in insulators is developed, utilizing both the equation-of-
motion and scattering-operator techniques, and the temperature-dependent cross section is obtained.
Explicit forms are derived for polariton dispersions and transformation coefficients, and for the Raman
cross section, for various specific cases, among them a nondispersive hydrogenic exciton-band model.
Numerical calculations are carried out for the latter model; the resulting cross section displays consider-
able variation with incoming frequency, displaying, among other things, in-out resonances with discrete
states, and interference between discrete and continuum contributions to scattering. Comparison with

other results and with experiment is given.

I. INTRODUCTION; MODEL HAMILTONIAN

The success of recent light scattering experiments in
insulating crystals™ has led to increased interest in the
theory of the Raman effect. One framework within
which such descriptions have been advanced is the
“polariton,” or composite light-crystalline quasiparticle,
point of view.5"® The empbhasis in existing literature, for
the most part, has been on formal and qualitative
aspects of the theory, rather than on actual calculations.
However, numerical calculations in the present instance
are, in fact, of interest not only in themselves, but
because they facilitate comparison of theory with
existing data, while encouraging experiment where data
are presently unavailable.

The theory of polariton Raman scattering (RS) is
here developed via a three-step sequence:

(a) Polariton dispersions and transformation coeffi-
cients are obtained by the equation-of-motion method.

(b) General forms for the RS cross section are ob-
tained via a scattering-operator formalism.

(c) The results of (a) and (b) are combined to yield
explicit forms for specific cases of interest.

The present procedure, it is believed, is more direct

and physically motivated than a strictly Green’s-
function approach,’” and leads most naturally and
easily to both temperature-dependent cross sections
and outgoing photon line shapes,® dependences of sig-
nificance in actual experiments.

Special attention is directed to the simplified case
where a single polariton dominates in both the incoming
and outgoing scattering channels. When spatial (ex-
citon) dispersion is included in the theory, degeneracy
of polariton waves at the in and outgoing channels may,
in principle, have a significant effect on the scattering
cross section. This possibility is considered in some detail
in Ref. 10, but will not be treated here.

Numerical calculations are carried out for a hydrogen-
like exciton-band model," discrete and continuum levels
included. While such calculations have not been pre-
viously carried out within polariton theory, we note the
bare-exciton-approach calculation in Ref. 12, which
did not, however, concern itself with the actual details
in the structure of the RS cross section in the resonance
regime.

Model Hamiltonian

For reasons of simplicity, we employ a model Hamil-
tonian containing a restricted number of quasiparticle



